Introduction
In constructing mixed asset portfolios, it is often argued that commercial real estate exhibits behaviour that creates strong diversification gains. However, the theoretical allocations to real estate are not matched by observed investor behaviour. This has been attributed to unfavourable characteristics of real estate as an asset -large lot size, high transaction costs, illiquidity and information asymmetry. To some extent, these disadvantages can be overcome through investment in real estate securities in public markets 2 . Do such real estate securities provide diversification benefits? If so, are those benefits consistent over time or does diversification disappear when it is most needed -when one asset class is providing low or negative returns? In this paper, we seek to examine the relationship between commercial real estate stocks and the general equity market in the tails of their respective return distributions.
Real Estate Returns and the Stock Market
In investigating the diversification benefits of real estate, early research frequently found segmentation between real estate and equities (see, for example, Liu et al., 1990) . However, such findings typically rely on valuation or appraisal based returns series. By contrast, when public real estate stocks are considered, there appear to be close links between the two asset types (see, for example, Ling & Naranjo, 1999 , Gyourko & Keim 1992 . While some have argued that the return distributions of real estate stocks are not representative of the underlying market and that the reported direct market returns are representative, the balance of research argues that the low volatility, high serial correlation and low or negative covariance with other asset classes in appraisal indices is largely a measurement issue.
One common explanation of the behaviour of appraisal-based indices is that they are "smoothed" due to valuer behaviour (see Geltner et al., 2003 , for a review). Valuers adjust prior appraisals using a form of Bayesian updating as new information arrives.
As a result volatility in the observed series is damped and serial correlation induced.
This has led to a number of methods that aim to extract the underlying pricing signals, notably in the work of Geltner (1993; Geltner & Barkham, 1995 , Fisher et al. 2003 ,
where the price signal is extracted from a capital valuation series using a desmoothing
. To an extent, the decision on the value of the α is somewhat ad hoc, with a value chosen to create a particular level of volatility ("half the volatility of common stocks") or to reduce serial correlation to a desired level.
Others have used statistical means to extract a price signal - Fu (2003) , for example using a Kalman filter approach to recover a "true" price series which exhibits greater variance, weaker autocorrelation and a closer correlation to REIT stocks. Lai and Wang (1998) argue that smoothing at individual property level could increase volatility. This may be true, but, at least at the aggregate level, the balance of evidence suggests a reduction. Clayton et al. (2001) provide empirical evidence of appraisal smoothing while Brown & Matysiak (2000) set out an alternative explanation of smoothing based on sticky valuations, cross-serial correlation and aggregation effects. Further reason for casting doubt on the validity of appraisal-based indices as a measure of market performance comes from the problems facing an individual investor holding real estate directly. Not only is there a large lot size problem (which, allied to heterogeneity, makes it difficult to track the aggregate index), there are significant issues associated with liquidity. The length of time taken to sell an asset and the additional pricing uncertainty this induces means that the (unrealised) valuation based indices understate the ex ante risk faced by an investor (Bond & Hwang, 2004; Fisher et al. 2003) .
Given the difficulties presented by investing in real estate in private markets, it might be thought that real estate equities would be an appropriate substitute, providing divisibility, relative liquidity, lower transaction costs and a benchmark based on transaction prices. However, real estate equity behaviour does not fully accord with expectations about property performance. Firms frequently trade at a discount to net asset value. NAV discount is a particular issue in the UK where property companies are taxable entities, creating a tax drain, but appears in certain periods in markets where there are taxneutral REIT structures. Barkham and Ward (1999) explain the discount in terms of volatility from gearing and from noise traders influence. Nonetheless, they find a long-run relationship between property company performance and the direct market:
"property shares, in the long-run are linked to the value of the underlying assets".
With the UK moving towards a REIT structure and with growing retail interest in investment in commercial real estate as a portfolio diversifier, it seems relevant to examine the relationship between real estate stocks and the general equity market.
Return Distributions and Asymmetric Dependence
Examination of the return distributions of real estate indices suggests non-normality in both public and private markets (see e.g. Young & Graff, 1995 ; for a review, see Lizieri & Ward, 2001) . Distributions are found, typically, to be peaked and fat-tailed.
Public market, traded estate securities tend to have similar properties to other equities.
There is some evidence of non-linearity (Lizieri et al. 1998 , Maitland-Smith & Brooks, 1999 , Okunev & Wilson, 1997 . These characteristics of asset behaviour have led to suggestions that portfolio allocation models including real estate should use a risk measure other than the variance. Thus Byrne & Lee (1997) propose use of a mean absolute deviation risk measure, Hamelink & Hoesli (2004) use a maximum drawdown function and others have suggested a semi-variance measure (for example Bond & Patel, 2003) . The literature, however, has not considered explicitly whether diversification benefits are uniform across the distribution 3 .
By contrast, recent empirical finance literature has reported that stocks exhibit some form of asymmetric dependence (see, for example: Ang & Chen, 2002; Ang & Bekaert, 2002; Bae, Karolyi & Stulz, 2003; Campbell et al., 2002; Hartmann et al. 2004; Longin & Solnik, 2001 ). Such research, using a variety of techniques, including dynamic conditional correlation analysis, non-parametric tail dependence measures and the copula approach employed in this paper, examines dependence relating to extreme events, or the tails of the distributions in equity, currency and bond markets and explores contagion effects in market "crises". There are significant implications if the dependence behaviour for extreme realisations differs from the aggregate dependence behaviour: specifically, use of the standard Pearson correlation coefficient may result in misallocation and expose investors to high levels of risk.
The remainder of this paper focuses on tail dependence and the linkages between real estate stocks and equity markets during extreme events. We begin by defining tail dependence and describe the copula approach to be adopted. Next we introduce our data and model dependence across pairs of real estate and equity variables. Finally, we set out some conclusions and implications of the findings.
Tail Dependence: Methods And Estimation

Tail Correlations and the Copula Function
Suppose we have a pair of random variables (X t , Y t ) with a joint cumulative marginals. An important special case is the independence copula, C(u,v) = uv.
Marginal Distributions
In keeping with the financial econometrics literature, and following Patton (2005), we assume that the marginal distributions of our index returns are AR(1) processes with GARCH(1,1) volatility and t distributed residuals. This is fairly general and nests a number of common special cases including normality. It also allows for conditional (time-varying) marginal behaviour. However, we do not allow time-varying copula behaviour, because of the difficulty of identifying the relevant parameters and the unavailability of plausible specifications.
The basic model is
There is a parallel specification for Y t which is identical except that all parameters are subscripted y. We allow the possibility of GARCH(p,q) in what follows.
The Empirical Copula Matrix
To investigate the behaviour of the copulae prior to detailed analysis, we consider a simple treatment of the data for C(,) some arbitrary copula. We purge the data of the marginals based on our representation given by (…). This is equivalent to estimating equations (1) and (2), taking our standardised residuals and then computing (u t and v t ), t = 1,…,n, where u t and v t are both determined from their corresponding student t distribution functions. These will be uniformly distributed marginally but with an unknown copula which we wish to determined.
We next define our empirical copula matrix. Let us consider a general case where we have k different classes and we define n i,j as follows:
= 0 otherwise. n i,j,t is thus a binary variable that takes the value one in a rectangle in (U t , V t ) space and is zero otherwise. Summing n i,j,t over t for i,j = 1,…, k and t = 1,…,n we can form an (k × k) matrix. From these we can easily get: In the case that it is the independence copula, , r r ) r , r ( C j i j i = and the expression simplifies to We set k equal to 10, so that our copula is counted over 100 rectangles, n = 216 so that, for independence, we expect 2.16 entries per cell.
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The Empirical Copula Matrix provides a valuable visualisation of any tail dependence between the two series. This can be seen as an extension of the empirical copula as defined by Deheuvels (1979 Deheuvels ( , 1981 . Deheuvels (1978 Deheuvels ( , 1981 proves that the empirical copula converges uniformly to the underlying copula. It follows immediately from this that the empirical copula matrix will converge uniformly to the underlying copula matrix. What makes this especially useful is that it can be computed with respect to the original returns: we do not need to transform the data as in equations (1) and (2).
If we did so, we would get exactly the same cell frequencies.
Data and Empirical Results
Our data are monthly index number series, from December 1986 to December 2004.
The start date here is governed by the availability of direct, private real estate indices at monthly frequency. For the United Kingdom, we use the Investment Property Databank total returns monthly series. While this does not suffer from the "stale appraisal" problem of the equivalent US NCREIF data, it is generally assumed to be subject to valuation smoothing. To counter this, we desmooth the capital growth series using the standard Geltner framework described above 4 , with alpha set to produce a variance …., then recombine the income returns to produce a desmoothed total return series. The UK equity market series is the FT All Share index, the broadest UK equity series; as a measure of the public property market, we use the FT 4 Other desmoothing models produced very similar results. 5 GPR is preferred to EPRA for the time-series and the availability of pure closed-end data series. (3) and (4)) comparing pairs of series each consisting of the logged differences from the real estate series with the equivalent equity market logged differences. Inspection of Panels A and B, Figure 2 suggest that the IPD returns (smoothed or desmoothed)
contain virtually no useful bivariate information and are independent of the Stock
Market returns. This is tested in the usual way by adapting independence tests for two-way contingency tables. While this might be taken as an indicator that direct real estate brings strong diversification benefits, it seems more likely that this is a measurement issue with the volatility misstated in the appraisal based returns. We return to this in the concluding section.
By contrast, the large numbers in the top and bottom corners of the FT All Share versus the FT Real Estate Sector and the GPR Global Property returns versus MS World Equity returns show clear evidence of upper and lower tail dependence which we shall endeavour to estimate.
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The Joe-Clayton copula has two parameters and , which are measures of tail dependence. These measures of dependence are defined below.
exists, then the Copula C exhibits lower tail dependence if and no lower
exists, then the Copula C exhibits upper tail dependence if and no upper tail
Again, following Patton (op. cit. eq. 15), we take his symmetrised "Joe-Clayton" copula; namely
Patton argues persuasively that this symmetrisation leads to a framework where symmetric tail-dependence is nested within asymmetric tail-dependence, whereas the prior formulae are not symmetric in τ
He further argues for timedependent evolution of the dependence parameters; however, it is highly problematic to estimate such models and, thus, the focus here is on a steady-state, rather than a dynamic, copula analysis. 
SUMMARY AND CONCLUSIONS
The results presented here have potentially interesting implications for investors.
First, the returns from the direct private market appear to be unrelated to the equity market. While this might appear to point to major diversification benefits, the lack of volatility in the series (even after desmoothing) does not appear to be credible. In any case, the risk facing an individual investor will be greater than that reported, due to illiquidity, the uncertain time to sale and consequent uncertainty as to realisation price. Furthermore, there must be common factors driving returns in the two markets (real interest rates in particular) which suggests that the direct market indices (or, more accurately, the valuations that underlie those indices) are not processing pricesensitive information in a timely manner.
When comparing the public real estate stocks with equivalent general equity market returns, our results show that both the UK and the GPR global series exhibit tail dependence with their respective equity indices. In the UK case, the tail dependence between the FT Real Estate sector and the FT All Share Index is greater in the lower tail than in the upper tail. This implies that real estate stocks and common equities are more closely locked together when markets are producing poor returns than when markets are generating strong gains. In turn, this suggests that real estate stocks do not demonstrate the defensive qualities that are often claimed for them. That this result holds despite the distorting effect of the dot.com boom bust adds strength to this conclusion. The tail dependence between the GPR Global Property Index and the MS World Index is both stronger and more symmetric than for the UK. Once again, poorly performing equity markets are associated with poorly performing real estate stocks: when diversification is needed most, it is not delivered.
While these are persuasive results, it should be noted that UK property companies are taxable entities, retain earnings and have no restrictions on debt to equity ratios and many of the firms in the GPR index have similar characteristics. As a result, there may be induced volatility and sensitivity to factors that are priced in the equity market than would be the case for a "pure" property investment. Additional analysis focused on tax-neutral public real estate vehicles such as REITs -where the cashflow to investors comes more directly from the performance of the underlying assets heldwould shed light on the source of the tail-dependence observed. 
